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Introduction
All spaces under consideration are assumed to be metric. By a continuum we mean a compact connected nondegenerate space. Let X be a compact metric space with metric d. A homeomorphism f: X +X of X is called expansive if there is a positive number c > 0 (called an expansive constant for f) such that if x and y are different points of X, then there is an integer n = n(x, y) E Z such that d(f"(xL f"(Y))> c.
Expansiveness does not depend on the choice of metric d of X. In [17] , Matie proved that if f: X + X is an expansive homeomorphism of a compact metric space X, then dim X <cc and every minimal set is O-dimensional.
This result shows that there is some restriction on which spaces admit expansive homeomorphisms. We are interested in the following problem [4] : What kinds of continua admit expansive homeomorphisms?
In [24] , Williams first showed that there is a l-dimensional continuum admitting expansive homeomorJ,hisms. In fact, he proved that the shift homeomorphism of the dyadic solenoid is expansive. From continuum theory in topology, we known that inverse limits spaces yield powerful techniques for constructing complicated spaces and maps from simple spaces and maps. Naturally, we are also interested in the next problem: What kinds of maps induce expansiveness of the shift homeomorphisms? It is well known that positively expansive maps induce expansiveness of the shift homeomorphisms (e.g., see [24] ). In [7] , Jacobson and Utz asserted that shift homeomorphisms of the inverse limit of every surjective map of an arc is not expansive (see [ 1, p. 6481 for the complete proof). It is known that "Plykin's attractors" are l-dimensional continua in the plane R' and are examples of Williams' l-dimensional expanding attractors, on which homeomorphisms are not only expansive homeomorphisms but even hyperbolic diffeomorphisms (see [20, 21] ). Also, Plykin's attractors can be represented as inverse limits of maps g : K + K of graphs such that the shift homeomorphisms g' of the maps are expansive (see [20, p. 243; 21, p.1211) . In [13] , we proved that if an onto map f: G+ G of a graph G is null-homotopic, then the shift homeomorphism f off is not expansive. In particular, shift homeomorphisms of tree-like continua are not expansive. Also, we proved that for any graph G containing a simple closed curve, there is an onto map f: G + G such that the shift homeomorphism 3 off is expansive. Hence, there is a G-like continuum X admitting an expansive homeomorphism. In this paper, we investigate expansive homeomorphisms from a point of view of continuum theory. In Section 2, by using the notion of positively pseudo-expansive map, we give a characterization of expansiveness of shift homeomorphisms of inverse limits of graphs. We can easily see that the characterization is not true for the case of n-dimensional polyhedra (n 22). In Section 3, 4 and 5, we deal with more general expansive homeomorphisms which are not shift homeomorphisms. In Section 3, we prove that if f: X + X is an expansive homeomorphism of a compact metric space X with dim X 3 1, then there exists a closed subset Z of X such that each component of Z is nondegenerate, the space of components of Z is a Cantor set, the decomposition space of Z into components is continuous, and all components of Z are stable or unstable.
In Section 4, we prove that there are no expansive homeomorphisms on hereditarily decomposable tree-like continua. In Section 5, we also prove that there are no expansive homeomorphisms on hereditarily decomposable circle-like continua.
A characterization of expansiveness of shift homeomorphisms of inverse limits of graphs
Let X be a compact metric space with metric d. By the hyperspace of X, we mean C(X) = {A 1 A is a nonempty subcontinuum of X} with the Huusdorf metric dH, and W"= U"(A)
I AE W, n SO} (see [17, p. 3151 ). Let X be a compact metric space with metric d. For a map f: X + X, let maps of graphs (= l-dimensional compact connected polyhedra), we know the following facts (see [13] ). 
and A, is not contained in W,?.
Since C(X) is a compact metric space, we may assume that (2) lim A, = {x} for some x E X. If we continue this procedure, we obtain two sequences { m( i)}z, and 1 = n( 1) < n(2)<* *. ) of natural numbers, and a sequence {B,,,,} of subcontinua of X such that
and diam~~""i'(B,,j,)~E for each i=l,2,....
By Lemma 2.8 and (5), we see that
We can choose a sufficiently large natural number n, and a sufficiently small positive number ~=r](n,,6)>0 such that if E is a subset of X=(G,f) and diamEz6, then diam p,(E) Hence, for i = 1,2,. . . , m,,
and
P~+N(Bnci,)nPn"+N(Bncj))=0 (i#j). By using this fact, we can easily see that there is a simplicial complex K such that 1 K I= G and if E is any edge of K, then for some A E C(X, (Y), p,,,(A) 2 E. Let k = #{(E, E') 1 E, E ' E K ', E n E ' # fJ and E # E '}, where # Y denotes the cardinal number of a set Y and K' denotes the l-skeleton of K. Choose a subdivision K" of K such that f '( e u e') is a tree for e, e'E K *' withene'#(bandOsj<kandiff'Ieue'isnot locally injective at the point p (e n e' = {p}), f '( eue')cE for some EEK' and Ocjs k.
Finally, we shall prove that f is a positively pseudo-expansive map with respect to&={eIeisanedgeofK*}.Notethatf'I e : e + G is injective for each e E ti and
is a tree (more precisely an arc). Clearly, & satisfies the condition (P,). We must show that & satisfies (Pz). Suppose that for some e, , e2 E K *' withe,#ezande,ne,Z(n,fisnotpositivelyexpansiveone,ue,.Lete,ne,={p}. Clearly, f m I e, u e, is not locally injective at the point p for some rn > 0. Suppose, on the contrary, that there are ei and ei of & (e; # e;) such that ei n e; = {p'} # 0 and
f"(e:ue;)n(e,-ez)#0#f'(e{ueS)n(e2-e,). (IO)
Note that f '( p') = p, because 1 is expansive (see the proof of [ 13, (3.5)]). Also, we can see that f '( p') E K" and f' I ei u ei is locally injective at p' for 0~ j d k. By the definition of k, we see that for some j( 1) and j(2) with 0s j( 1) <j (2) 
Remark 2.11. In the statement of Theorem 2.5, the cases of n-dimensional polyhedra (n 2 2) are not true. It is well known that there is an expansive homeomorphism f of the 2-torus T = S' x S' [22] . The shift homeomorphism f off is topologically conjugate to J Note that if f: X + X is an expansive homeomorphism of a Peano continuum X, then for any open set U. f ( U is not positively expansive. Then f is expansive, but f is not positively pseudo-expansive.
Remark 2.12.
There is an expansive homeomorphism F of a l-dimensional continuum X such that F and F-' cannot be represented by shift homeomorphisms of maps of graphs. Let S' = {z E @ 1 /zI = l}, w h ere @ is the set of complex numbers and let f: S' + S' be a map defined by f(e"') = eize. Then 3 is an~expansive homeomorphism of the dyadic solenoid (S', f) [24] . Let p be the fixed point of _? Let D = (S', f) and let X = (D, , p,) v ( D2, p2) be the one-point union of two copies of (0, it was shown that for each n =3,4,5,.
. . , there exist a graph G, and an onto map g, : G, + G, such that g, is a homotopy equivalence and the shift homeomorphism gn of g,, is expansive (hence, g, is a positively pseudo-expansive map). Here, we give an example which implies that the case n = 2 is also true. Let G, be the one-point union of two oriented circles a' and 6. Note that r,( G2) = Z * Z. Define a map g?: G,+ G2 by
Then we can easily see that g, is a positively pseudo-expansive map and g, is a homotopy equivalence.
In fact, the homotopy inverse h : G, + G2 is defined by
Also, we can easily see that the case n = 1 is not true, i.e., for any graph G, with IT, = Z, there are no positively pseudo-expansive maps which are homotopy equivalences.
The case n = 0 is not true. In fact, there are no positively pseudoexpansive maps on trees [13] .
Stable and unstable subcontinua of expansive homeomorphisms
In [ll] , we proved that there are no expansive homeomorphisms on Suslinian continua. In this section, we give a more precise result which is related to the stable and unstable properties. The next result is the main theorem of this section. Then we have The proof of the following proposition is similar to [ll, (3.4) ]. For completeness we give the proof. Uili,...i,, c U(,/,,~,(Ai,,z...,,,) . 
Since C(X) is compact, we may assume that the sequence {Dk} is convergent to a point A, of C(X). Consequently, we obtain f"'"'(G), fmtk'( C,), . . . , fmch'( C,,) E M,, such that each Ci is nondegenerate, C, n C, = 0 (i f j). Note that diam f m'h)( Ci) 2 6, for i = 1,2,. . . , nk (see Lemmas 2.7 and 3.8 
The nonexistence of expansive homeomorphisms of hereditarily decomposable tree-like continua
In [13] , we showed that there are various kinds of shift homeomorphisms of inverse limits of graphs which are expansive homeomorphisms.
If a graph G contains a simple closed curve, then there is a positively pseudo-expansive map f: G + G, in particular, the shift homeomorphism 1 off is expansive. But, all shift homeomorphisms of tree-like continua are not expansive. Naturally, we are interested in the following problem:
Is there a tree-like continuum which admits an expansive homeomorphism?
In [ 121, we showed that there are no expansive homeomorphisms on dendroids (= arcwise connected tree-like continua).
In this section, we give a more general answer. The following theorem is the main result of this section. if each nondegenerate subcontinuum of X is decomposable (respectively indecomposable). We say X is a tree if X is homeomorphic to a graph which contains no simple closed curve. A continuum X is tree-like (respectively arc-like) if for each F > 0, there is a finite open cover % of X such that mesh % < E and the nerve N( "u), if nondegenerate, is a tree (respectively an arc), where mesh % = sup{6( U) 1 U E 021) and 6(U) = sup{d (x, y) ( x, y E U}. A continuum X is a dendroid if X is an arcwise connected tree-like continuum.
It is well known that every dendroid is hereditarily decomposable. By a re$nement of a finite collection % of subsets of a space X we mean, as usual, any finite collection of subsets of X whose elements are contained in elements of 021. Let C, , C,, . . , C,,, be subsets of a space X. Then the sequence is said to be a chain, and is denoted by [C,, C,, . . . , C,,,] , provided that C, n C, # 0 if and only ifli-jl~1foreach1~i,j~m.Achain[C,,Cz,...,C,]issaidtobeanr]-chain Next, we list some facts which will be needed in the sequel. A homeomorphism f considered in this section is an expansive homeomorphism of a compact metric space X and c > 0 is an expansive constant for j Fix 0 < F < c/2. (fN(U,),fN(U,)) d(p,,p,,~,)+d(p,,_,,p,,)<p'+p'~26,<6.   Since d(p,,p,,) Zp', suP{d(f'(P,),f'(P,,))lIjl~N}>&. p,), f'( p,,) ) 1 Ocj G N} > e. For each 1 G r c m', define S, = sup{d(f'(pr), f'(P,)) I Osj s W.
Suppose that sup{d(f'(
Then S,=O and S,,>F. Also, note that JSr+,-Srlsc for each r=1,2,...,m'-1.
Hence we can choose r such that S,_, G E and S,. > E. Then F < S, < 2~. By Lemma To prove Theorem 4.1, we also need the following. Let X be a tree-like continuum. For any subset M of X x X, define M-' = {(x, y) E X x X 1 for any y > 0 and any finite open cover % of X such that the nerve N( "u) is a tree, there exists (x', y') E M such that x' # y' and there exists a finite open cover V of X with mesh V< y such that "I/^ is a refinement of %, the nerve N( 'V) is a tree and a chain [V, , V,, . , . , V,] from x' to y' of W is crooked between U, and U,,, where U, and U, are elements of 021 such that x E U, and y E U,.} (see Fig. 2 ). By definition of M '; we obtain the following propositions. i) and (c.i) This is a contradiction. q Since X is compact, we may assume that {Cl Ui} ,=,, *,, . (respectively {Cl U;} ,=,, z ,_,,) is convergent to a point x, of X (respectively a point y, of X) (see (3)). Then by (5), d(x,, y,) 2 6,. We obtain (x,, y,) E X XX.
For a countable ordinal number A, we assume that we have obtained (x,, ye) of X x X for all (Y < A as before. We will define (x,, yh) E X x X recursively in the following way: Consider two cases. Hence we obtain (x,, y^) E X XX.
Next, we shall show that for each integer n and each countable ordinal number (Y, (f"(x,,), f"(ya)) E M,,. We shall prove this fact by transfinite induction. Since f is a homeomorphism, we can conclude that (f"(x,), f"(y,)) E M, for all integers n E Z. Assume that A is a countable ordinal number such that (f"(x,), f"(y,)) is contained in M, for all LY < A and all integers n E Z. Consider two cases: Case 1: A = (Y + 1. By the inductive assumption, (f"(xn), f"(yU)) E M,. By an argument similar to the above one, we can conclude that (f"(x,+,), f"(y,+,)) E M,,, for all integers n E Z.
Case 2: A is a limit ordinal number. By an argument similar to the above one, we can prove that (f"(x,), fn(yh)) E M, for all cy <A. This implies that 
The nonexistence of expansive homeomorphisms of hereditarily decomposable circlelike continua
A continuum X is said to be circle-like if for any E > 0 there exists a finite open cover % of X such that mesh % < E and the nerve N(Q) is a simple closed curve. The p-adic solenoids (p 2 2) are indecomposable circle-like continua which admit expansive homeomorphisms.
In this section, we prove the following. The proof is similar to one of Theorem 4.1, but we need slightly different considerations.
Outline of proof of Theorem 5.1. Let X be a hereditarily decomposable circle-like continuum.
Suppose, on the contrary, that there exists an expansive homeomorphism f on X. For each point p of X, let g, denote the intersection of all continua which contain interiorly a continuum that contains p interiorly (see the proof of [2, Theorem 81). Then '9 = {g,,} is an upper semi-continuous collection of mutually exclusive continua filling the continuum X and $9 is a simple closed curve with respect to its elements. In fact, by the proof of [8, (3.4) ] there is a monotone map r from X onto a simple closed curve S (i.e., r-'(y) is connected for each y E S 
